The main purpose of this paper is to study quasinormal modes (QNM) of a black hole in massive gravity with a positive cosmological constant due to electromagnetic perturbations. A detailed study of the QNM frequencies for the electromagnetic field is done by varying the parameters of the theory such as the mass, scalar charge, cosmological constant, and the spherical harmonic index. We have employed the sixth order WKB approximation to calculate the QNM frequencies. The electromagnetic potential for the near extreme massive gravity de Sitter black hole is approximated with the Pöschl-Teller potential to obtain exact frequencies. The null geodesics of the black hole in massive gravity is employed to describe the absorption cross sections at high-frequency limit.
Introduction
The universe is expanding at an accelerated rate as is supported by many observations [1] [2] [3] [4] [5] . The concept of dark energy is introduced to justify this accelerated expansion. The simplest model for dark energy is the well known cosmological constant with the equation of state given by ω = −1. This implies that the universe we live is asymptotically de Sitter. Hence understanding physics in a de Sitter geometry becomes all the more important. From the point of string theory which is the most popular approach to quantum gravity, there are many advancements in anti-Sitter space unlike the de Sitter space. However, a quantum mechanical formulation of de 1 fernando@nku.edu 2 manninga7@mymail.nku.edu
Sitter cosmological space-time still lacks in string theory. Recently there was a paper where de Sitter space is considered as a resonance in a scattering process [6] . Classical solutions in Type IIB string theory have been studied by Dasguptha et.al [7] . Another work on classical de Sitter solutions in string theory has been published by Danielsson et.al. [8] . There are several other reasons to study de Sitter spaces. In high energy physics, it has been shown that there is a holographic duality relating quantum gravity on the de Sitter space to conformal field theory on a sphere of one dimension lower [9] [10]; this is known as dS/CFT correspondence. Quasi normal modes (QNM) of black holes is an important aspect of the evolution of perturbations of black hole space-times. There have been plethora of works focusing on computing QNM frequencies for fields of various spins in the background geometry including spin 1 electromagnetic perturbations. One of the best reviews on QNM frequencies written is the one by Konoplya and Zhidenko [11] . In this work, we are interested in studying electromagnetic perturbations by the Maxwell's field in the background of a de Sitter black hole in massive gravity. Since the historical observation of gravitational waves by Advanced LIGO in 2015 [12] , the need to understand and calculate QNM frequencies has become even more important since QNM are a part of the evolution of black hole mergers. On the other hand, the current level of observations of gravitational waves does not exclude alternative theories of gravity as discussed in [13] [14] . Hence there is motivation to study alternative gravity theories such as massive gravity with a massive graviton.
It is true that when two black holes merge in the vacuum that there will not be any electromagnetic counterparts; however, there is the possibility that such collisions would be followed by gamma-ray bursts from a jet originated in the accretion flow around the remnants of the black hole mergers [15] [16] . This idea have resulted in range of new models that may endow black hole mergers with electromagnetic observations. For example, electromagnetic luminosity of coalescence of charged black hole binaries were studied by Liebling and Palenzuela [17] . In another study, the coupling between gravitational waves and electromagnetic waves were studied by Cabral and Lobo [18] . Sotani et.al. [19] [20] studied electromagnetic signature driven by gravitational perturbations in black holes and neutron stars. Hence electromagnetic perturbations of black hole space-times will take an important place in perturbation studies of black holes and also computing QNM frequencies. There are few works we would like to mention along those lines: Electromagnetic QNMs of D-dimensional black holes were done in [21] . Electromagnetic and Dirac perturbations of a Hořava black hole evolution was presented in [22] . Electromagnetic perturbations with Weyl corrections were done by Chen and Jing [23] and of black hole surrounded by quintessence was done by [24] .
Massive gravity theories are extensions of general relativity with a graviton which has a mass. There are many theories of massive gravity in the literature; a nice review is given by de Rham [25] . One can divide all the theories of massive gravity into two broad categories; the Lorentz invariant theories [26] and the Lorentz breaking theories. In this paper we will focus on a black hole arising from a Lorentz breaking theory, which will be described in detail in the next section.
The paper is organized as follows: in section 2 an introduction to the de Sitter black hole in massive gravity is given. In section 3 the electromagnetic field perturbation is introduced. In section 4, the WKB approach to compute QNM is introduced. In section 5, Pöschl-Teller method to compute QNM frequencies is presented. In section 6, absorption cross sections are calculated. In section 7 the conclusion is given.
2
Introduction to massive black hole in de Sitter space
The Lorentz breaking massive gravity theory considered in this paper is obtained from the following action,
The first two terms are the standard general relativity terms; the curvature term and the Lagrangian of ordinary matter minimally coupled to gravity. The third term, Λ 4 F is a functional of four scalar fields, φ 0 , φ i . These scalar fields will break the Lorentz symmetry when they acquire a space-time depending vacuum expectation value. These scalar fields are known as Goldstone fields. The functions X and W ij are given in tersm of the scalar fields as below:
The action in eq(1) can be treated as a low-energy effective theory below the ultraviolet cutoff below the scale given by α. Here the scale α has the dimensions of mass and it is of the order of √ mM P l . The mass of the graviton is m and M P l is the Planks mass [27] The black hole solution was derived for the above theory in [32] . We will omit the details of the derivation and present the geometry here. The metric corresponding to the black hole is given by,
where,
The scalar fields φ 0 , φ i are given by,
where
The constant β in eq. (5) is an integration constant and is positive. When β < 1, the ADM mass of the black hole solution diverges. For β ≥ 1, the metric approaches the usual Schwarzschild-de Sitter metric for large distances with finite mass M. Hence we will choose β ≥ 1 for the rest of the paper. The constant b in eq (7) is related to the cosmological constant as Λ = 2m 2 (1 − b 6 ). In the derivation of the above black hole solution [32] , the cosmological constant term −Λ/3r 2 was not in the function f (r). There b was chosen to be 1. However, it is possible to choose b = 1 so that the cosmological term exists. In this paper we will choose b < 1 so that Λ > 0 leading to de Sitter geometry.
The constant γ = ±1. When γ = 1 the geometry is very similar to the Schwarzschildde Sitter black hole. For γ = −1, the geometry is very similar to the ReissnerNordstrom-de Sitter black hole. For the rest of the paper, we will focus on γ = 1 solutions only.
The Hawking temperature of the massive gravity black hole is given by,
Here r b is the black hole event horizon. Since at the black horizon f (r b ) = 0, the mass of the black hole could be written as,
The temperature is plotted by varying the scalar charge Q in Fig (1): one can observe that there is a maximum for the temperature. 
Electromagnetic field perturbations
The evolution of a sourceless electromagnetic field in the black hole background geometry is given by the Maxwell's equation,
Here the electromagnetic field tensor F µν and the potential A µ are related by,
Since the background geometry is spherically symmetric, one can deompose the function A µ in terms of vector spherical harmonics as [34] A
Here, Y l,m (θ, φ) are spherical harmonics, and, l and m are the angular and the azimuthal quantum numbers respectively. The first column in eq. (12) is the axial component with parity (−1) l+1 and the second term is the polar mode with parity (−1) l . In [35] , it was demonstrated that both the axial and the polar modes of the electromagnetic perturbations simplifies to an equation,
Here r * is the tortoise coordinates which is given by, (14) and V ef f is given by,
Here, the function Ψ(r * ) takes different forms for the two modes: for odd parity,
and for even parity,
Note that the time dependence for all the above functions take the form Ψ(r, t) = Ψ(r)e −iωt . Here ω is the oscillating frequency of the electromagnetic wave.
Effective potential
The effective potential V ef f approaches zero at r = r b ad r = r c . It has a peak in between the two horizons as demonstrated in Fig.( 2) and it is positive between the horizons. When r → r b , r * → −∞ and when r → r c , r * → ∞. Hence the effective potential V ef f → 0 when r * → ±∞. In the following figures, we have plotted the V ef f as a function of r. In this case, it depends on the parameters, M, Q, β, Λ and l. In Fig(2) , the potential is plotted by varying the mass M: when the mass increases, the height of the potential decreases. The potential by varying the charge is plotted in Fig(3) : here it is clear that when the charge increases, the height decreases. When the cosmological constant is increased, the height of the potential decreases. However, the position of r where the peak occur is the same for all Λ. One can understand this simply by observing the potential as,
Hence, the solution for
= 0 is independent of Λ. The height of the peak will vary by
when Λ is changed. When l is increased, the height increases as in Fig(5) . The behavior of the potential for varying β is quite different from the above. For smaller β values, the potential has a higher peak. When the β is increased, the potential height decreases, but after a certain value of β, the height starts to increases again as in Fig(6 ). This behavior is clarified better in the graph of Fig.(7) where the the height of the peak is plotted agianst β. It is clear that after a certain value of β, the height increases. QNM for a black hole perturbed by a electromagnetic field is given by the solutions of the wave equation in eq. (13) subjected to boundary conditions: Ψ is purely ingoing at the even horizon r b and purely outgoing at the cosmological horizon r c . The frequencies corresponding to the QNM are complex and are given by ω = ω r + iω i where ω r is the oscillating component and ω i is the damping component of the frequency. QNM for eq.(13) with the above mentioned boundary conditions can be represented as, Ψ(r * ) → exp(iωr * );
Ψ(r * ) → exp(−iωr * );
It is not easy to compute ω exactly since it is rare for eq(13) to have exact solutions. We would like to mention here few examples where ω have been computed exactly for the sake of completeness. For the dilaton black holes in 2+1 dimensions, the exact QNM frequencies have been computed by Fernando [36] [37] [38] . ω values for the current work has to be computed using a semi-analytical method, the WKB approach, to compute QNM frequencies. This time independent method is very efficient when the potential has a single peak. WKB approach to find QNM frequencies of black holes was first developed by Schutz, Iyer and Will [39] [40] . Then it was extended to sixth order by Konoplya [41] . The sixth order WKB approximation is employed to find QNM frequencies in several papers including, [42] [43] [44] . The WKB high order formula for the QNM frequencies are given by,
Here, r max is where V ef f (r) reach a maximum and V ′′ (r) is the second derivative of V ef f (r). Expressions for L i can be found in [41] . Here n is the mode of the oscillations. We will mainly focus on the fundamental frequency n = 0. Note that the WKB approach gives best accuracy when l > n. Hence l is chosen to be greater than n in the following computations. All computed ω i came out to be negative; the electromagnetic field is stable in the background of the massive gravity black hole. In the subsequent figures, ω r and ω i is plotted against various parameters in the theory such as M, Q, Λ, l, n and β. Only the magnitude of ω i is used in plotting these graphs.
First, let us comment on ω vs Q as plotted in Fig(8) . It is clear that ω r and ω i decreases with Q. Hence the electromagnetic field is more stable for smaller Q. Hence the massive gravity black hole is more stable than the Schwarzschild-de Sitter black hole.
Next, ω is plotted against l in Fig(9) . Here, ω r has a linear relation with l. On the other hand, ω i increases and reach a constant value for large l. Hence the field decays faster for larger values of l.
When ω is studied against M, as represented in Fig(10) , one could observe that both ω r and ω i decreases. Hence the field is more stable for larger black holes.
Next, we computed ω by varying Λ as plotted in Fig.(11) . Both ω r and ω i decreases as Λ increases. Hence, a larger Λ leads to a slow decay of the electromagnetic field around the black hole.
The variation of ω with respect to β is plotted in Fig(12) . The frequencies are computed for n = 0 value. For small values of β, both ω r and ω i increases. When β gets larger, ω r reach a maximum, decreases, and reach a stable value. ω i also increases to a maximum but reach a minimum, and then reach a second maximum before approaching a stable value. This unusual behavior may be due to the fact that the effective potential in Fig(6) has a minimum. The stable value reached for both ω r and ω i are the value corresponding to the Schwarzschild-de Sitter black hole which is ω = 0.29134 − i0.0974723.
The behavior of the frequencies for higher harmonics is plotted in Fig(13) . ω r decreases for large n. Hence the oscillation is less for higher harmonics. ω i have a linear relation with n. Hence the electromagnetic field decays faster for higher harmonics. 
Comparison of frequencies between the Schwarzschildde Sitter black hole and the massive gravity black hole
In this section we present values for frequencies for the Schwarzschild-de Sitter black hole and the massive gravity black hole. The data for the SdS black hole is from the paper by Zhidenko [45] . ω r amd ω i are calculated for l = 1 and l = 2. ω r is larger for the SdS black hole: the waves oscillates more in the back ground of the SdS black hole. ω i is smaller for the massive gravity black hole: the wave decays faster in the SdS black hole background. Table 3 : ω r and ω r for SdS and Massive dS black holes: l =2, n=1. Here M = 1.
Pöschl-Teller approximation for the near-extreme de Sitter black hole in massive gravity
For certain parameters of the theory, the black hole can have degenerate horizons with r b = r c . For such black holes, two conditions has to be satisfied:
Lets say the mass of the black hole in this case is M cri . In this case, the extreme black hole radius ρ is a solution of the equation,
It is clear that f ′′ (ρ) < 0 due to the nature of the function f (r) at r = ρ. Such extreme black holes in de Sitter geometry are called Nariai black holes [46] [47] [48] [49] . The topology near the degenerate horizon is dS 2 × S 2 . Λ ef f ective for the dS 2 is given by |f ′′ (ρ)|/2. When the black holes are near extreme, f (r) can be expanded in a Taylor series as [46] as,
Hence the tortoise coordinate defined as r * = dr f (r)
can be integrated to be,
Here,
From the relation in eq. (26), r can be solved to be,
Now, the function f (r) for the near extreme massive gravity-de Sitter black hole can be written as,
Hence the the effective potential V ef f for the electromagnetic field can be written as,
In deriving V 0 , we have assumed r ≈ ρ.
is the well known Pöschl-Teller potential: Ferrari and Mashhoon [50] demonstrated that ω can be computed exactly as,
When the spherical harmonic index l is large,
. Therefore ω r depends on l linearly for large l; this is clear from Fig(9) . Also, for large l, ω i is independent of l and is a constant; this behavior is evident in Fig(9) . On the other hand, for large n, ω i becomes large and does depend linearly on n. Here, ω r is independent of n which is clear from Fig.(13) .
Absorption cross section at high frequency limit
In this section we will study the absorption cross section via the null geodesics of the black hole. Suppose the electromagnetic wave is coming from the cosmological horizon where r * → ∞. When the wave arrive at the black hole horizon, partial get transmitted and the rest get reflected back to the cosmological horizon. Hence, the solution of the electromagnetic wave closer to the horizon and closer to the cosmological horizon can be represented as,
Here, R l (ω) and T l (ω) are the reflection and transmission coefficient respectively and are related by, |R l (ω)| 2 + |T l (ω)| 2 = 1. The absorption cross section can be written as,
where σ l is the partial absorption cross section given by,
Since electromagnetic waves represents null geodesics, one can use the classical capture cross section or the geometric cross section of null geodesics to calculate the absorption cross section. Let us briefly introduce the equations of null geodesics as follows. The equations of motion of the null geodesics for a static spherically symmetric black hole is given by,
Here we have considered the motion to be in the plane θ = π/2. τ is an affine parameter. Due to the existence of two Killing vectors, ∂ ϕ and ∂ t , there are two conserved quantities, L and E respectively. They are related to the geometry of the black hole as,
Then the equation of motion eq(37) will simplifies tȯ
Now, we can represent the effective potential for the null geodesics as,
r 2 . At the high-frequency limit, the absorption cross section is given by the geometric cross section σ geo given by,
Here r c is the radius of the unstable circular orbit of the photons obtained from . Both L c , E c corresponds to the values for the circular orbit. In Fig(14) , the capture cross section σ geo is plotted by varying the scalar charge Q. One can observe that σ geo increases with Q. Hence the massive gravity black hole absorbs more than the Schwarzschild-de Sitter black hole (the black hole with Q =0). Dècanini et.al. [51] demonstrated that the absorption cross section at highfrequency can be improved to be written as,
In the above expression, Γ l = πλ l where λ l is the Lyapunov exponent of the null geodesics given by [52] [53],
and Ω l is the angular velocity of the null geodesics given by,
In eq. (44),
The above approximation is known as the sinc approximation in the literature [54] . In Fig(15) σ hf abs is plotted by varying Q. For higher Q the absorption cross section is high. In Fig(16) , σ 
6.1
Comparison of σ abs and σ geo with the Schwarzschild-de Sitter black hole
In Fig(17) , σ geo is plotted by varying Λ for Schwarzschild-de Sitter black hole and the massive gravity black hole. First, when Λ increases, σ geo increases for both black holes. Hence a large cosmological constant favors a larger absorption cross section. Second, for all values of Λ, σ geo is smaller for the Schwarzschild-de Sitter black hole. In Fig(18) , σ hf abs is plotted for both the Schwarzschild-de Sitter black hole and the massive gravity black hole. The massive gravity black hole has a higher absorption cross section. In Fig(19) , σ abs at high frequency is plotted for the Schwarzschild-de Sitter black hole by varying Λ. When Λ increases, the absorption is higher similar to the massive gravity black hole. There are only few works that has focused on the absorption (or emission) of fields from the Schwarzschild-de Sitter black hole in the literature. In an interesting work by Kanti et. al. [55] absorption cross sections were calculated for Schwarzschild black holes embedded in D dimensional de Sitter universes. The paper focused on scalar field emission and absorption. For a scalar field, the effective potential is
. However, in the high energy regime, the potential for the scalar field and the electromagnetic field is very similar. Hence one can compare the results of the paper by Kanti et.al. [55] to the results in this paper effectively. The authors in [55] calculated the σ geo for (4 + n) dimensional Schwarzschild-de Sitter black holes where n is the extra dimension. They observed that σ geo depends on both n and Λ. When n is fixed and Λ is varied, σ geo increases. This is in fact similar to what is observed for the massive gravity black hole and for the Schwarzschild-de Sitter black hole in (3 + 1) dimensions using the sinc approximation in this paper. 
Conclusion
Our main goal in this paper has been to study QNM of a massive gravity black hole in de Sitter universe under electromagnetic perturbations. The massive gravity black hole shows similar geometry to Schwarzschild-de Sitter and Reissner-Nordstrom-de Sitter black hole for two values of the parameters in the theory. It can have two or three horizons depending on the values of the theory. To calculate the QNM frequencies, we have employed sixth order WKB approximation. The parameters of the theory, the mass M, scalar charge Q, cosmological constant Λ, the spherical index l, the value β and the mode number n were changed to see how QNM frequencies depend on them.
When Q is increased, ω r , ω i decreases. Hence, the field decays faster for low Q. When studied the behavior of ω with respect to l, the spherical harmonic index is similar to the behavior of other black holes: ω r increases linearly with l and ω i increases to a stable value for large l. When the mass M and Λ is increased, ω r and ω r decreases. Hence the field is stable for smaller values of M and Λ. From the graph for ω vs n, one can observe that ω r decreases with n and ω i increases linearly with n.
To understand the numerical results better, we have demonstrated that for the near-extremal black hole with r b ≈ r c the electromagnetic field equation will have the Pöschl-Teller potential. One can obtain exact results for the frequencies in this method. It is clear that the linear relation for ω r for large l in this method verifying the numerical results. Also, the linear relation between n and ω i is also obvious.
We have used the unstable null geodesics approach to compute the absorption cross section at high frequencies.
As future work, it may be interesting to calculate absorption cross sections for all values of ω using a method such as Runge-Kutta method. Furthermore, it would be interesting to study QNM frequencies for massive vector fields in the massive gravity in de Sitter background.
